We study the evolution of cosmological perturbations in a non-singular bouncing cosmology with a bounce phase which has superimposed oscillations of the scale factor. We identify length scales for which the final spectrum of fluctuations obtains imprints of the non-trivial bounce dynamics. These imprints in the spectrum are manifested in the form of damped oscillation features at scales smaller than a characteristic value and an increased reddening of the spectrum at all the scales as the number of small bounces increases.
I. INTRODUCTION
Some bouncing cosmologies provide an alternative to cosmological inflation as a way to obtain primordial cosmological fluctuations (see, e.g., Ref. [1] for a recent review). Specifically, in a model which contains a matter-dominated phase of contraction, initial vacuum fluctuations in the far past which exit the Hubble radius during the matterdominated contracting phase evolve into a scale-invariant spectrum of cosmological perturbations [2, 3] . For example, in the case of an Ekpyrotic contracting universe [4] entropy fields can source scale-invariant curvature fluctuations [5] . In all bouncing cosmologies, new physics is required in order to obtain a non-singular cosmological bounce. Such new physics could come from the matter sector (see, e.g., Refs. [6, 7] ), from modifications of the classical gravitational action (as for example in Horava-Lifshitz gravity [8] or in the non-local gravity construction of Ref. [9] ), or from quantum gravity effects. Examples of the latter are the bounce in loop quantum cosmology (see, e.g., Ref. [10] for reviews), in deformed AdS/CFT cosmology [11] , the S-brane bounce of Ref. [12] and the temperature bounce in String Gas Cosmology [13] .
Concerning the robustness of the computations of the spectrum of cosmological fluctuations, an advantage of bouncing cosmologies (without an inflationary phase after the bounce) is that the physical length of modes which are probed in current observations remain in the far infrared throughout the cosmological evolution as long as the energy density at the bounce point is smaller than the Planck density. Hence, the computations can be done in the realm where effective field theory is well justified. This is in contrast to the situation in inflationary cosmology [14] where the physical wavelengths of even the largest scales which are currently observed are smaller than the Planck length at the beginning of inflation (provided that the inflationary phase lasts slightly longer than the minimal period it has to last in order to solve the horizon and flatness problems of Standard Big Bang Cosmology).
A key question is to whether the predictions for cosmological perturbations at late times in the expanding phase are sensitive to the details of the bounce phase. For simple parametrizations of the bounce phase, detailed studies have shown that the spectral shape does not change during the bounce phase provided that the duration of the bounce phase is shorter than the length scale of the fluctuations at the bounce point (see, e.g., Ref. [7] in the case of matter-driven bounces, Ref. [15] in the case of the Horava-Lifshitz bounce, Ref. [11] in the case of the AdS/CFT bounce, and Ref. [16] for the S-brane bounce). On the other hand, there are examples where the bounce phase yields dramatic changes in the spectrum [17] . The reason why such dramatic changes are possible is that the Hubble radius at the bounce point is infinite, and we cannot invoke the freezing of cosmological perturbations on super-Hubble scales to argue for a constancy of the spectrum 1 . To further analyze the sensitivity of the spectrum of cosmological fluctuations on the details of the bounce phase, we here consider a toy model where the scale factor undergoes small amplitude oscillations during the bounce phase. Such a behavior may emerge from certain models motivated by ideas from loop quantum gravity [19] . Heuristically, one would argue that those small bounces will not influence the large scale modes provided that the wavelengths of these modes are so large scale that they would not feel the small scale fluctuations of the scale factor. On the other hand, smaller scale modes whose wavelength is comparable or smaller to the total duration of the bounce phase should be sensitive to the details of the dynamics during the bounce. In this work, we would like to give a careful treatment to see if this is really the case.
In the case of a cyclic cosmology, when the time interval between cycles is larger than the wavelength of the modes being considered, it is generally sufficient [20] to consider only the dominant modes in each phase (except during the bounce phase and when mode matching conditions are applied [21] ). In our case however, the time scale between the small bounces is very small compared to the length scales of interest, and hence we cannot just focus on the dominant modes because for those small time durations the subdominant modes can also have an effect on the primordial power spectra. We need to keep all the contributions and give a comprehensive analysis. This paper is organized as follows. In Sec. II, we specify our setup for the intermediate small bounce feature and discuss about the relevant scales involved. In Sec. III, we present the calculation of power spectrum. A detailed presentation of the required matching conditions is given and the specific results are given for the two specific small inter bounce features we considered. An analysis of these results for the power spectrum is then given in Sec. IV. In Sec. V, we give a generalization for the case of a large number of small bounces. In Sec. VI we present our conclusions. An appendix is included to discuss some of the technical details.
II. SETUP
We will consider a spatially flat Friedmann-Lemaitre-Robertson-Walker space-time in which the metric is given by
where t is physical time, x are the comoving spatial coordinates, and a(t) is the cosmological scale factor. It will be convenient to use conformal time τ related to the physical time via dt = a(t)dτ . We will consider only linear cosmological perturbations (see, e.g., Ref. [22] for a comprehensive review). In this case, fluctuations evolve independently in Fourier space. We will label the fluctuation modes in terms of their comoving wave number k.
We consider a non-singular symmetric bouncing cosmology in which the cosmological scale factor a(τ ) has the form shown in Fig. 1 , i.e., for which a(τ ) has one "oscillation" between the onset and end of the bounce phase. We consider the two forms depicted in Fig. 1 , with one peak between the time −τ B when a(τ ) reaches its first minimum, and the time +τ B when the second minimum of a(τ ) is taken on. Specifically, we consider two specific models: Model 1, with a flat plateau about τ = 0; and the Model 2, with a kink of a(τ ) at τ = 0, which is the limiting case of the first model when the duration of the flat plateau equals to zero. The time interval of the plateau region is −∆ < τ < ∆ given by some conformal time ∆ with ∆ < τ B . The forms shown in Fig. 1 are simpler enough such as to allow an analytical study, but already of sufficient complexity such as to provide the main relevant features in the power spectrum that we might also observe in some more complex setup for the inter-bounce features. In particular, our results can be easily generalized to the case of many oscillations, as we will later discuss in Sec. V.
As seen in Fig. 1 , for the two forms shown the time interval can be divided into five intervals. The first is the initial contracting phase (Phase I) τ < −τ B . The second is the intermediate expanding phase (Phase II). The third is Phase III with static scale factor, the fourth (Phase IV) is the intermediate contracting phase and Phase V is the final expanding phase. Fluctuation modes exit the Hubble radius in the initial contracting phase. The top panels in Fig. 1 give a sketch of the scale factor, the lower panels show the corresponding time evolution of the comoving Hubble radius. The vertical axis of the lower panels can also be viewed as a label for comoving wavelength. In this way, it is easy to read off when various modes enter and exit the Hubble radius.
All scales re-enter and re-exit the Hubble radius several times since at the extrema of a(t) the Hubble radius is infinite. We will treat the transitions at −τ B and τ B as instantaneous
2 . More specifically, we will cut out a time interval
(with τ B ) and correspondingly another time interval of the same length about τ B and we will match the solutions between the neighboring phases making use of the matching conditions given in Refs. [23, 24] , which are
Instantaneous matching.
FIG. 1:
The two upper plots depict the evolution of the scale factor as a function of conformal time τ . The two lower plots corresponding to the evolution of the inverse Hubble parameter |aH| −1 as a function of conformal time. For each plot on the left hand side, there are 11 characteristic times, from left to right, correspond to τ = −τB − , −τB, −τB + , −τH , −∆, 0, ∆, τH , τB − , τB, τB + . −τB and τB are the bouncing points. We made a non-singular bounce by connecting −τB − and −τB + , and also τB − and τB + . −τH (k) and τH (k) are the times of Hubble radius crossing in Regions II and IV, respectively. −∆ and ∆ give the duration of the interval when the scale factor a is constant. The two magneta curves on the left hand side of the plot are illustrations of the scale of the modes we are considering.
the cosmological version of the Israel [25] ones 3 . Hence, the only Hubble re-entry which is important to us is the one which occurs between −τ B and +τ B .
In the first model, given by the plots on the left shown in Fig. 1 , there are two characteristic comoving length scales. The first is k −1 * which is defined as the length which re-enters the Hubble radius at time −∆. The second one, k 
∆ are inside the Hubble radius only during Phase III. For these modes the matching occurs at times −∆ and +∆. This is also true for modes with k
∆ . These modes, however, undergo a negligible amount of oscillations in Phase III. In the case that k ∆ , the power spectrum does not feel the influence of the small bump of the scale factor. For the modes k
∆ , there is a complicated change of the power spectrum induced by the flat plateau. For the modes k −1 < k −1 * , the change of the power spectrum approaches the well known result for cyclic cosmologies [20] , as we will explicitly verify later on below. In the case that k −1 * will not feel the influence of the bump, while the mode with k −1 < k −1 * will be changed by the bump according to the well known result for cyclic cosmologies. A special situation belonging to this case is the limiting case ∆ → 0.
3 Note that applying these matching conditions directly between a contracting phase and an expanding phase may be a bit suspect since the background does not satisfy the matching conditions (see Ref. [21] for a detailed discussion of this point). However, as long as the matching surface is unambiguously determined, the matching conditions for the fluctuations can indeed be applied.
We divide the evolution of fluctuation modes into five regions as shown on Fig. 1 4 . The five regions are denoted by Region I, Region II, Region III, Region IV and Region V, respectively. Region I and Region II are separated by the time −τ B . Region IV and Region V are separated by τ B . The separation between Regions II and III, and between Regions III and IV are more complicated. Because of the existence of the flat plateau (or of the local maximum of the comoving Hubble radius in the case of Model 2), we can see that there is a clear distinction between the large scale and small scale modes separated by a characteristic scale k −1 * . Small scale modes (i.e. k −1 < k −1 * ) enter the Hubble radius at time −τ H (k) ≤ −∆ and exit the Hubble radius at τ H (k) > ∆, and the separation between Regions II and III and between Regions III and IV are given by −τ H (k) and τ H (k), respectively. For large scale modes, the separations between Regions II and III, and between Regions III and IV are given by the times −∆ and ∆, respectively, because the modes enter and exit the Hubble radius at these two times. The situation in the case of Model 2 is simpler. The evolution of small scale modes is the same as the case with a flat plateau, while the large scale modes have only four regions which we denote by Regions I, II, IV and V, respectively. The separation between Regions II and IV, in this case, is the time τ = 0.
III. THE COMPUTATION OF THE POWER SPECTRUM
We are interested in the power spectrum of the primordial curvature perturbation ζ (see, e.g., Ref. [22] for a review of the theory of cosmological perturbations). We quantize the linear fluctuations and write them in terms of the more convenient Mukhanov-Sasaki variable v. In the case of a constant equation of state, the relation between ζ and v is
where C is a constant. Thus, the equation of motion for the mode function v, in momentum space, is given by
For the scale factor a ∼ τ q , the solution of the Mukhanov-Sasaki equation is given by
where J(x) and Y (x) are Bessel functions of the first and second kind, respectively. On sub-Hubble scales, the solutions are oscillatory, on super-Hubble scales they can be approximated by a power law. To see this, we note that the expansion of the Bessel function solutions for small argument, x 1, is
we can express the mode function in terms of a series expansion
where d 1m (k) and d 2m (k) are given, respectively, by
Since we are interested in those modes that went classical (crossed the Hubble radius), such that kτ 1, the higher order terms of v(τ ) given by m > 0 are subleading. Thus, in the following, we can just focus on the m = 0 terms in Eq. (3.6).
The scale factors and the solutions to the mode functions of the five regions can be obtained by shifting the time coordinate. Thus, they are given, respectively, by
• Region I (contracting), where τ < −τ B , we have that
• Region II (expanding), where −τ B < τ < −∆ for k
11)
• Region IV (contracting), where ∆ < τ < τ B for k
12)
• Region V (expanding), where τ > τ B , we have that
Note that in the above, the time τ H depends on k, τ H ≡ τ H (k). To simplify the notation we do not write the k-dependence explicitly. Note also that q 2 (the power of the scale factor in conformal time) and p 2 (the power of the scale factor in cosmological time) are the indices of the scale factor during the initial contracting and final expanding phase, and that q 1 and p 1 are the indices in the intervening periods. In particular, the index 1 in these quantities should not be confused with the index in Region I. Note also that the q i are related to the p i through the relation
A. Matching conditions
Let us now discuss the process of matching between the different regions discussed above. The matching conditions for the metric across a space-like hypersurface were derived in Hwang-Vishniac [23] and Deruelle-Mukhanov [24] and are the generalization of the Israel matching conditions [25] . For cosmological fluctuations, the matching conditions say the solutions in different regions can be connected by enforcing two conditions, namely the continuity of both v and its derivative across the boundary surface.
As mentioned earlier, for the two non-singular bouncing points −τ B and τ B we match the solutions at times ∓τ B − and ∓τ B + , neglecting any evolution in the intervening time period. This is similar to what was done in Refs. [11, 16] . A second justification of this method (in addition to the one given earlier) is that for modes we are interested in, the time interval 2 is so small, thus the mode functions do not have enough time to oscillate inside the Hubble radius. On the other hand, in our first model (with a flat plateau for a(t), model 1) we consider the case that the interval 2∆ is sufficiently long such that some of the modes we are interested in have time to oscillate while the mode is inside the Hubble radius. Very large scale modes, on the other hand, still do not oscillate inside the Hubble radius.
Between region I and region II
The matching conditions are
We write down the equations explicitly in terms of coefficients c ij of the fundamental solutions of the equation of motion. The index i stands for the region, the index j (either 1 or 2) running over the two different modes:
Between region II and region III
To be explicit, we focus in this case on the large scale modes for which the time duration of Region III is −∆ < τ < ∆. For the small scale modes which enter the Hubble radius before −∆, we just make the substitution ∆ → τ H (k). Apart from that the discussion is the same. For the next subsection the convention will be the same. The matching conditions in this case are 17) which in matrix form can be expressed as 18) and where in the above equation we have defined δ as
Note that for the small scale modes the definition of δ should be changed to δ → δ(k) ≡ τ B − τ H (k).
Between region III and region IV
In matrix form this yields
Between region IV and region V
The matching conditions in this case are
IV. ANALYSIS AND RESULTS FOR THE POWER SPECTRUM
Combining the results of the previous section we find that the final mode coefficients can be written in terms of the initial ones via
and
3)
Note that these coefficients oscillate as a function of k. These oscillations are important, however, only for small wavelength fluctuations. For these we will obtain oscillations in the power spectrum. The final general result for the power spectrum is given by
Below we will analyze some of the specific cases given by our two models when applying the result given by Eq. (4.6).
A. Limiting case of Instantaneous matching
We first consider the limit as the duration of the plateau region of a(t) goes to zero, corresponding to what we have denoted by Model 2 in Sec. II. This is the limit ∆ → 0. In this case, large scale modes k
do not enter the Hubble radius in the region near t = 0, and we can set ∆ = 0 in the matching condition equations, i.e.,
On the other hand, small scale modes k −1 < k −1 * will enter the Hubble radius at a time given by −τ H (k), and in the matching condition equations we must replace ∆ by τ H (k).
Large scale modes
Let us first consider the case for large scale modes k −1 > k −1 * . In this case we have that
Because we are interested in the parameter region 1/3 < p < 1, then, written in terms of q, we have q > 1/2. So the c 51 mode in the expression for the power spectrum Eq. (4.6) is a decaying solution. Hence, we can focus on the constant mode c 52 , and thus the power spectrum in this case becomes
The initial power spectrum is and, thus, we can relate the final to the initial power spectrum as
where A 1 , A 2 and A 3 are constants that do not depend on k. Their explicit forms are
12)
13)
For very large scale modes k −1 k −1 * , δ → τ B and δ can be approximated as a constant time interval. Thus, the power spectrum in this case becomes
The first conclusion we draw from this result is that the shape of the spectrum for large scale modes does not change during the bounce. This agrees with the conclusions of previous work on simple bounce models [7] . The amplitude, on the other hand, is amplified. Recall that 2q i − 1 > 0, and that τ B . Hence, it is the second term in Eq. (4.15) which dominates, and we conclude that the amplitude of the spectrum is amplified by a factor of
This result can also be understood easily: Fluctuations grow both in the contracting and in the expanding phase. In fact, the fluctuations diverge in the limit when the scale factor becomes zero. Hence, without an effective cutoff we would get a divergence in the spectrum. With a cutoff, the enhancement factor of the amplitude of the power spectrum will be determined by the dimensionless ratio between τ B and to a power which depends on the growth rate of the fluctuations on super-Hubble scales, i.e., on q 1 (see the discussion of these issues in a more general context in the review article Ref. [26] ).
Small scale modes
For small scale modes k −1 < k −1 * , we set δ equal to the Hubble crossing time. Thus, we can use the Hubble crossing condition aH = k, which from a ∼ τ q gives
But we need to have kτ H = kτ B − kδ = kτ B − q 1 . As a consequence of the oscillations in the coefficients a ij , Eqs. (4.3), (4.4) and (4.5), the final power spectrum of fluctuations will oscillate for small wavelengths. This is explicitly manifested when we show a numerical example for the power spectrum in Fig. 2 , where we chose an initial pre-bounce spectrum which is scale-invariant. We see that the scale-invariance of the spectrum is maintained on large scales, but that on small length scales there is both a change in the slope of the spectrum, and superimposed oscillations.
In the following we discuss in what range we can reproduce the results of Ref. [20] , which hold for a cyclic cosmology. In that work, it was found that for modes which re-enter the Hubble radius during the bounce phase, the index of the spectrum of cosmological perturbations changes during each cycle. For a matter-dominated contracting phase the change in the index n s of the power spectrum was determined to be ∆n s = −2.
The results of Ref. [20] are applicable when k −1 < k −1 * , but for quite large scales such that k −1 → k −1 * . In this range we have kτ H → 0. Using this in Eq. (4.11), we obtain that
Since 2q 1 − 1 > 0 it is the second term in Eq. (4.18) which dominates. Hence, we conclude that there is a change in the index of the power spectrum by 19) which coincides with the results of Ref. [20] . This is as expected because the case studied in Ref. [20] corresponds to a big bounce where δ is (cosmologically) large.
B. Case with a flat plateau
In the case with a flat plateau and when ∆ is very small, we have just one characteristic comoving mometum. However, when ∆ is big, we have two key comoving momenta which are characterized by the mode which cross the Hubble radius at ∆ and τ B − ∆, respectively. In this subsection, we would like to analyze in detail these two cases.
First we would like to calculate the critical comoving momentum k −1 * . We start by analyzing the Hubble parameter H. The corresponding comoving Hubble parameter in region II is
The critical scale k * , which is obtained by k * = aH(τ = −∆), is therefore
The analysis here is similar to the instantaneous matching case of the previous subsection and we can obtain the power spectrum as
where a 11 , a 12 and a 21 were already defined by Eqs. (4.3), (4.4) and (4.5), respectively.
C. Model with no Region III
Let us here consider the model with no Region III. We expect that the result we obtained in the previous Subsection will approach the result derived here in the limit when ∆ → 0. The matching condition of Region I and II, Region IV and V are completely the same as in the flat plateau case, so here we only write down the matching condition between Region II and IV: (4.23) which can be written in terms of the more convenient matrix form
Combining these matching results we obtain the power spectrum completely the same as that of the instantaneous matching of the previous section.
D. Numerical Examples
In Fig. 2 we show the form of the spectrum of cosmological perturbations and its tilt as a function of the comoving wavenumber k for the two models we have considered in the previous sections. We can clearly identify in Fig. 2 (a) the characteristic scales for each of the two models we have defined in Sec. II. For the flat plateau model (Model 1), there are two relevant comoving scales,
In model 1 the spectrum is always evolving. On large scales k < k * ,osc there is both an amplification of the spectrum and a damping evolution. On small scales k > k * ,osc the power spectrum shows superimposed damped oscillations. In the instantaneous case ∆ = 0 (Model 2), the characteristic comoving scale is k * ,inst ≡ k * ,osc , the same as Eq. (4.26). In the model 2, on large scales k < k * ,inst the spectral shape is unchanged during the bounce and only the amplitude increases, as identified in Eq. (4.16). On smaller scales k > k * ,inst there is a change in the spectral index and the power spectrum, as in the case of model 1, shows superimposed damped oscillations.
The results Fig. 2(b) show that for Model 1 (black dashed line) the spectral tilt always decreases with the momentum. The discontinuity at k * ,flat (denoted by the black dashed vertical line) is an unphysical feature that appears as a consequence of the shape we have considered and should not appear in realistic smooth shapes. The same is true for the Model 2 case (red solid line), where the discontinuity happens at the characteristic scale k * ,inst in this case and comes from the kink like shape considered in this model. Other than that, the spectral index is unchanged (and null) for large scales modes k < k * ,inst and then decreases for small scale modes k > k * ,inst and agrees with that of model 1 from this point on, where the index of the power spectrum for both models acquires a large red tilt, and there are superimposed oscillations. Figure 3 shows the results for different parameter values, parameters for which the two scales k * for the models with and without a plateau for a(t) are more widely separated than they are for the earlier parameter values. For both models there are oscillations of the power spectrum for k values between the two critical k * values. These results in particular show that as ∆ → τ B , the scale k * ,flat can occur deeper in the oscillating regime k > k * ,osc for the spectrum.
A study of the oscillating regime for small scales k > k * ,osc , and which is common for both models considered here, is given in the Appendix A. In particular, it is shown that the envelope function of the power spectrum for the small scale modes keeps the spectral tilt n s = −4q 1 + 2, as also seen in the previous Eq. (4.19). Based on our previous calculations, we can easily write down the transfer matrices for the coefficient vector. We define the following useful matrices
For large scale modes, we define the combination of matrices
which becomes
Taking the two bump model as an example, we obtain the final coefficient vector to be
We set the initial coefficient matrix C I to be
and then we get
On very large scale there is no change in the spectral slope, as expected. Now we want to deal with the small scale case. We need to define two more matrices
Then we have
and the general result has the form
Since we are interested in modes which exit the Hubble radius before the time −(τ B + ), we consider values of k for which k 1. Hence, in this range of k values it is the second term above which dominates and we find the scaling
Thus, small scale modes acquire a red tilt compared to the initial spectrum. If the initial spectrum is scale invariant, then the resulting spectral index for small scale modes is
Similarly, we can obtain the spectral index change for n small bounces, which is
VI. SUMMARY AND CONCLUSIONS
In this paper we have analyzed in detail the power spectrum of curvature fluctuations in a bouncing cosmology in which the bounce phase has small vibrations, i.e., small bounces. To be specific we have mostly considered the case of one small bounce with characteristic time scales τ B and ∆ < τ B which are much smaller than cosmological times. We have given a detailed study of the necessary matching conditions required to obtain the complete form for the power spectrum. The matchings connect at least five different phases for a given momentum scale which need to be treated with care.
In our study, we have adopted two simplified models for the shape of the vibrations, allowing a complete analytical study. Despite the apparent simplicity of these models, they are already of sufficient complexity to allow to extract similar features that can emerge in more realistic models. In particular, similar structures that we have considered here can appear in bounce models coming from quantum gravity, as those recently proposed in Ref. [19] , which makes this study of particular importance. Our results for the power spectrum shows that there is an amplification of its amplitude and it also tends to get redder at large scales as the number of vibrations increase. At small scales the power spectrum features superimposed damped oscillations.
The reddening of the spectrum for scales which enter the small bounce agrees with the results found in Ref. [20] . The oscillations in the power spectrum which are seen on small scales are reminiscent of oscillations which are obtained in some other approaches to the Trans-Planckian problem for cosmological fluctuations. For example, if initial conditions are set on a time-like new physics hypersurface [27] such that modes k are initiated when the physical wavelength associated with k equals a fixed physical length (e.g. the Planck length), and they are initiated in the same state (e.g. the state which locally looks like the Bunch-Davies vacuum [28] ), then oscillations in the spectrum result.
Both the qualitative and quantitative changes in the power spectrum that we have obtained can produce observed effects in spectrum of cosmological perturbations accessible through the measurements of the cosmic microwave background radiation. These effects can manifest themselves both in pure bouncing cosmologies (no subsequent inflationary period) and in scenarios where there is a post-bounce inflationary phase. For instance, those bounce vibrations can induce particle production, changing the vacuum state such as to be different from the usual BunchDavis one, similar to recent pre-inflationary studies in Loop Quantum Cosmology [29] . The modifications we have obtained in this work could then be used to put constraints on these possible features that can appear in these bounce models and which deserve further study. The results we have presented here provides then an important first step in understanding these effects and which we hope to address elsewhere.
Appendix A: Envelope of the Power Spectrum for Small Scale Modes
In this section, we would like to calculate the envelope of the power spectrum for small scale modes. Since the model without plateau is a special limit of the model with a non-vanishing flat plateau, we just focus on the latter. We can simply set ∆ → 0 to get the answer for the model without a plateau.
By collecting the relevant terms in the power spectrum, we can write it in the form
The envelope of the power spectrum is thus
where the coefficients C 1 and C 2 are given by
We are interested in the parameter region /δ 1 (recall that the time scale is expected to be of the order of the Planck scale, whereas δ will be parametrically larger since it is associated with the time scale of the bounce). We are also interested in the range of values 1/3 < p < 1, or equivalently, 1/2 < q < +∞. We can then determine which are the dominant terms in C 1 and C 2 , which from Eqs. (A3) and (A3), they are given by
When k is close to the k * , then δ → τ B − ∆ which is a constant. In this case, taking the square of C 1 , we get terms with different with spectral indices, but the dominant contribution is the term with the lowest power of k, which the gives that the slope of the envelope (for an initial spectrum which is scale-invariant) will be
because we have kδ < q 1 in this range. This can be seen from the numerical results shown in Fig. 5 for the two models we have considered. The change in the spectral slope is due to the matching conditions. Each time, we can get factors of 1/k or k when we match the solution across the boundaries of Regions II and III, and of Regions III and IV. Note that in a generic case when we have a smooth evolution of the scale factor, we expect that there will be no discontinuities in the power spectrum. Thus, in a generic case, we do not expect that we always get an interval of wavenumber with a spectrum of slope n s = −2. What we expect in the case of a smoothly evolving scale factor is that on very large scales, we get a scale invariant spectrum (the actual spectrum, not just the envelope), and then it will smoothly transit to a spectrum with tilt n s = −4q 1 + 2 when we look at the envelope only. We see oscillations with amplitude given by the envelope function on intermediate and small scales.
The coefficient C 2 2 gives a scale invariant power spectrum
but its amplitude is suppressed by kδ compared to the amplitude of C 1 . To be a bit more precise (still in the case of constant δ), we can write
where the constants A 1 and A 2 are A 1 = 1 (1 − 2q 2 )(1 − 2q 1 ) 2 2δ −1 (q 1 − 1)q 1 (1 + q 1 − q 2 )(−2 + q 1 + q 2 ) − δ 2q1−2 q 2 1 (−2 + q 1 + q 2 )
A 2 = 1 (1 − 2q 2 )(1 − 2q 1 ) 2 2δ(1 + q 1 − q 2 )(−2 + q 1 + q 2 ) + δ 2q1 (−2 + q 1 + q 2 )
The spectral index is computed as
The power spectrum is hence comprised of several terms with different spectral tilts n s n s − 1 = 2, 1, 0, −1, −2,
More generally (for larger values of k when δ is not constant), we have
where the coefficients D 1 and D 2 are given by 
We now can see that this envelope function reproduces the result of Ref. [20] . We have
where the constants B 1 , B 2 , E 1 , E 2 and E 3 are given by (1 − 2q 2 )(1 − 2q 1 ) 2 ,
The spectral tilt is then given by
The expression (A25) is comprised of several terms with spectral tilts n s given by n s − 1 = 4q 1 − 2, 2q 1 − 1, 0, −4q 1 + 2, −2q 1 + 1 .
Since are interested in modes with k < 1 and parameter values 1/3 < p < 1 (or, equivalently, 1/2 < q < +∞) we can determine the dominant terms in D 1 and D 2 and find them to be
Thus, the dominant contribution to the power spectrum is
which corresponds to a spectral tilt of
